The properties of simple metals are fixed primarily by the equilibrium average valence-electron density parameter r s , and secondarily by the valence z. The simplest level of theory that can account quantitatively for these trends invokes a ''universal'' local electron-ion pseudopotential, defined for each pair (r s ,z) and treated as a second-order perturbation. We construct this pseudopotential from two conditions: ͑1͒ The total energy should minimize at the equilibrium Wigner-Seitz radius z 1/3 r s . ͑2͒ The bulk modulus should equal the realistic r s -dependent prediction of the stabilized jellium model with effective valence z*ϭ1. These conditions can be satisfied by an analytic local pseudopotential depending upon two parameters other than z; we show that the choice of the two-parameter form ͑evanescent core vs Heine-Abarenkov͒ is not important. Our universal local pseudopotential is applied to calculate realistic bulk binding energies, pressure derivatives of bulk moduli, Voigt shear moduli, and interstitial electron numbers, revealing their trends as functions of r s and z. Equilibrium crystal structures are mapped in the r s Ϫz plane, where the Hume-Rothery rules for substitutional alloys are manifest. The effect of pressure on crystal structure is also examined. ͓S0163-1829͑99͒10603-9͔
I. INTRODUCTION
The 16 simple or sp-bonded metals with valence zр4 ͑Be, Al, Ga, Sn, Pb, In, Tl, Mg, Li, Ca, Sr, Ba, Na, K, Rb, and Cs͒ display a weak effective interaction between valence electrons and ion cores. 1, 2 In previous work, 3 we constructed local electron-ion pseudopotentials for each metal individually. In conjunction with the local-density approximation for exchange and correlation, these pseudopotentials successfully predict the bulk binding energies, bulk moduli, and phonon frequencies, 4 ,5 and structural energy differences for most of these metals in the face-centered-cubic ͑fcc͒, ideal hexagonal-close-packed ͑hcp͒, and body-centered-cubic ͑bcc͒ structures, as well as the liquid-metal resistivities. 4 The transferability of these pseudopotentials beyond the condensed state varies strongly from one element to another. 6 The simple metals are amenable to theoretical description at many different levels. The lowest level is the jellium model, in which the valence electrons of density n ϭ 3 4r s
3

͑1͒
neutralize a uniform positive background representing the ion lattice. Jellium is a fairly realistic model for r s Ӎ4 bohr ͑Na͒, where it is stable, but not for r s Ӎ2 ͑Al͒, where its surface energy is negative, or for r s ϳ6 ͑Cs͒, where its bulk modulus is negative. The stabilized jellium model 7, 8 with effective valence z*ϭ1 remedies these ills without losing the simplicity of the jellium model, and even predicts realistic bulk moduli for the simple metals. The jellium model and the stabilized jellium model with z*ϭ1 have a single input parameter r s . Another such model is the ideal metal of Shore and Rose, 9 which can be viewed 10 as the z*→0 limit of stabilized jellium. However, z*ϭ1 is a more realistic choice which is not only correct for the alkali metals but also more generally consistent with neglect of the band structure energy or of variations in the valence-electron density. While r s is the dominant density parameter of the simple metals, the valence z plays a secondary role and has a significant effect on the bulk binding energy and the pressure derivative of the bulk modulus. The stabilized jellium model with the true valence z, also known as the structureless pseudopotential model, 7 correctly describes the dependence of the bulk binding energy upon r s and z, but spoils some of the bulk moduli for the polyvalent simple metals that were correctly described by the choice z*ϭ1. The stabilized jellium model is derived from the local pseudopotential picture by constraining the valence-electron density to be uniform and then choosing the average value of the core repulsion to make the total energy minimize at the observed Wigner-Seitz radius z 1/3 r s . The constraint of uniform density is fairly realistic for zр2, but not for zϾ2.
The appropriate level of theory to describe the broad trends of the simple metals is one which invokes a ''universal'' local electron-ion pseudopotential, defined for each pair (r s ,z) and treated as a second-order perturbation on the energy of the uniform electron gas. 1, [11] [12] [13] [14] This is also the lowest level of theory that can predict shear moduli and crystal structures. Universal local pseudopotentials were sought by Ling and Gelatt 13 to explain the ''chemical trends'' of the simple metals, and in our earlier work, 3 but without great success. ͑Although Ling and Gelatt found some chemical trends of the elastic constants, their universal local pseudopotential was sometimes inconsistent with Fermi-surface properties and liquid-metal resistivities.͒ Here we will fill in this missing link in the hierarchy of theoretical models, be-tween the stabilized jellium level and the level of ''individual'' pseudopotentials constructed separately for each element. At the latter level, Hafner and Heine 15, 16 related crystal structures to features of the screened pseudopotential.
Our recently constructed individual local pseudopotentials 3 are analytic ''evanescent-core'' functions in real space, depending upon two parameters other than the valence z. The two parameters were fixed by two conditions: ͑1͒ The total energy per electron, evaluated to second order in the pseudopotential, should minimize at the observed Wigner-Seitz radius z 1/3 r s . ͑2͒ The interstitial electron number N int ͑i.e., the number of electrons between the surface of the Wigner-Seitz cell and an inscribed sphere͒, evaluated to first order in the pseudopotential, should match that found in an all-electron calculation.
To construct universal local pseudopotentials, here we shall replace condition ͑2͒ by a condition which depends upon r s alone and gives similar results: ͑2Ј͒ The bulk modulus should equal the realistic prediction of the stabilized jellium model with effective valence z*ϭ1, an analytical function of r s . The absence of a second condition in the work of Ling and Gelatt, 13 and use of an unrealistic second condition in our earlier attempt to construct the universal pseudopotential, 3 were responsible for the lack of success encountered there. Figures 1-5 10, 18 which predicts the pressure P for any volume compression ratio V/V 0 .
While the bulk modulus of Fig. 2 ͑like the surface properties discussed in Refs. 7, 8, and 19͒ is determined largely by r s alone, the other properties clearly depend upon z as well. The universal pseudopotential results, which are defined for all pairs (r s ,z), reveal trends that would otherwise be hard to see due to the sparseness of the real simple metals in the r s Ϫz plane and to individual variations among the elements.
In Sec. II, after recalling some of the basics of pseudopo- Fig. 1 for the pressure derivatives of the bulk moduli. PRB 59 tential perturbation theory, we shall compare two different two-parameter local pseudopotentials ͑evanescent core and Heine-Abarenkov͒ fitted to the same individual conditions ͑1͒ and ͑2͒ above. Although these two pseudopotentials look rather different, we find that they predict essentially the same physical properties for the simple metals.
In Sec. III, we will discuss condition ͑2Ј͒ for the construction of our universal local pseudopotential. We will also find universal phase diagrams for the equilibrium crystal structures of pure metals and alloys under zero and high pressures, which show that the valence z largely controls the structure. While the pure metals are sparse in the (r s ,z) plane, the alloys cover far more of this plane and represent a rich field of potential application for our work. Our conclusions and ideas for future work are summarized in Sec. IV.
II. PERTURBATION THEORY AND PSEUDOPOTENTIAL FORMS
Local pseudopotentials are easy to use and economical for simultaneous treatment of many metals and structures, leading to identification of trends along the periodic table and to physical insight. Furthermore, density functional theory requires in principle that the external potential be local. 20 We may take as a perturbation on jellium ͑or better, on stabilized jellium with z*ϭ1) the difference between the local pseudopotential and the jellium potential. Within second-order perturbation theory, 1,11-14 the binding energy per valence electron is
where e J is the jellium energy ͑which includes only kinetic and exchange-correlation contributions͒ and e M is the Madelung or Ewald energy, which describes the electrostatic interaction between ions in a lattice. w R is the average in the Wigner-Seitz cell of the repulsive part of the pseudopotential, and e BS is the second-order contribution or bandstructure energy:
Here w(r) and w(G) are, respectively, the pseudopotential and its Fourier transform, G ជ is a reciprocal-lattice vector, S(G ជ ) is the structure factor, (G) is the susceptibility, and ⑀(G) is the dielectric function, as defined in Ref. 3 . The lattice-dependent terms in Eq. ͑2͒ are e M and e BS . The stabilized jellium model 7 drops e BS in Eq. ͑2͒, and makes a spherical approximation for e M . Thus its energy is independent of the lattice structure. The spherical approximation for e M introduces negligible errors for the fcc, hcp, and bcc lattices.
The local Heine-Abarenkov ͑HA͒ ͑Refs. 12 and 21-23͒ or Cohen 24 potential can be regarded as a generalization of the Ashcroft empty-core potential. 25 The HA potential is constant inside the core but not necessarily zero. It may be written in real space as
For uϭ0, Eq. ͑5͒ reduces to the Ashcroft potential, and, for uϭϪ1, to a continuous potential with a discontinuous first derivative, the one-parameter Shaw potential 26 used by Ling and Gelatt 13 in their search for a universal pseudopotential. In order to determine the two parameters of the HA potential, different information has been invoked: solid state ͑band structures, Fermi-surface data, bulk moduli, etc.͒ or atomic ͑excitation energies, scattering data, etc.͒. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] Some authors [27] [28] [29] [30] [31] [32] [33] [34] fit the parameters to the equilibrium lattice constant and measured bulk modulus ͑or bulk phonon frequencies͒.
In Ref.
3, we introduced a potential which also depends on two parameters but is smoother than the HA potential. This evanescent core ͑EC͒ pseudopotential has the general form and is constructed so that the repulsive part w R (r;R,␣) shows an exponential decay at large r, with R the decay length. In the opposite limit of small r, some analytical conditions at the origin assure smoothness ͑a property which is emphasized, for instance, in the Troullier-Martins construction of pseudopotentials 37, 38 ͒. Its Fourier transform, which may be found analytically, has a single zero controlled by R and ␣. The parameters of this potential are chosen using a crystalline reference state or conventional lattice, in contrast to the usual construction of the nonlocal norm-conserving pseudopotential, which starts from the free atom. [37] [38] [39] [40] [41] [42] We have chosen the observed room-temperature lattice except for Ga, In, and Sn, which for simplicity were taken to be fcc. The room-temperature lattice is also the zero-temperature lattice, except for Li and Na, [43] [44] [45] where the former is bcc instead.
The potential parameters were then adjusted to reproduce the key features of the valence electron density. Besides the stability condition ‫ץ‬ ‫ץ‬r s e͑r s ,z;R,␣ ͒ϭ0, ͑7͒
which assures that the total energy minimizes at the experimental electron density, we used the condition
which assures that the interstitial electron number N int obtained in an all-electron calculation is reproduced within first-order perturbation theory ͑Fig. 5͒. The EC potential with the parameters thus determined for each individual metal is referred to as EC͑I͒. In Figs. 6 and 7 we present the parameters R and ␣ which were found with our approach as a function of r s for each z. R shows a good linear correlation with the Wigner-Seitz radius r WS ϭz 1/3 r s for any z. ␣ is essentially a smooth function of r s for each z.
We have also used the conditions given by Eqs. ͑7͒ and ͑8͒ to extract the parameters of the HA potential. The HA potential thus found is denoted HA͑I͒. Table I shows the resulting parameters, which also display trends as functions of r s and z. The rms errors in the calculated binding energies and bulk moduli with respect to experiment are only slightly larger with the HA͑I͒ potential than with the EC͑I͒ ͑5% and 17%, respectively, in contrast to 4% and 13%͒. The form of a two-parameter local pseudopotential is therefore less important than the choice of properties to be fitted by those two parameters.
In Table II , we present the predicted crystal structures for those simple metals which are experimentally cubic or hcp, comparing the EC͑I͒ with the HA͑I͒ potentials. EC͑I͒ correctly predicts nine structures out of 13, while HA͑I͒ predicts seven. The failure of EC͑I͒ occurs only for Ca, Sr, Ba, and Pb. Table III presents energy differences for three representative simple metals, corresponding to the valences 1, 2, and 3. The local pseudopotential perturbative approaches EC͑I͒ and HA͑I͒ do very well in comparison with other, more sophisticated, approaches. 
III. UNIVERSALITY CONDITIONS AND UNIVERSAL PHASE DIAGRAMS
From Figs. 6 and 7, it is apparent that the pseudopotential parameters are simple functions of r s and z. By a universal pseudopotential, we mean one whose parameters are only determined by the equilibrium density r s and the valence z. In Ref. 3 we presented a universal pseudopotential which required two conditions: the stability condition and the equality of the interstitial average density to the bulk average density. As shown in Fig. 5 , the second condition was realistic for zр2, but not for zϭ3 and 4. Pseudopotentials for high-valence metals draw electrons out of the interstitial region. This effect reduces B from the too-high values predicted by the stabilized jellium model with the true valence z. Here we propose a more accurate universal pseudopotential model ͓EC͑U͔͒. We could as well use the HA potential form with similar results, but we prefer the smooth EC model, which leads to a more rapid convergence of sums over reciprocal lattice vectors.
The EC͑U͒ pseudopotential parameters R and ␣ are found from r s and z with the help of two conditions: ͑1͒ The energy per electron should minimize at the observed equilibrium Wigner-Seitz radius z 1/3 r s . (2Ј) The calculated bulk modulus B should equal the realistic prediction of the stabilized jellium model with effective valence z*ϭ1, an analytic function of r s which can be represented simply by the approximation BϭAr s Ϫ7/2 ͑as shown in Fig. 2͒ . Cohen 49 and Kelires 50 found that a similar form with the same exponent describes the bulk moduli of semiconductors. The individual-pseudopotential analog of condition (2Ј) would fit to the observed bulk modulus for each metal, as some users of the Heine-Abarenkov form have done. [27] [28] [29] [30] [31] [32] [33] [34] While condition ͑1͒ follows from first principles, condition (2Ј) is ultimately supported by comparison with experiment. However, results only slightly less satisfactory are obtained if we replace condition (2Ј) by minimization of the core decay length R, which helps to maximize transferability of the pseudopotential. Tables II and III. The predicted  phases in Table II are the same, except for Li, Na, and Tl. ͓For Li and Na, EC͑U͒ predicts the conventional bcc phase.͔ The structural energy differences are also very close for the three metals considered. The rms errors in the EC͑U͒ binding energies and bulk moduli ͑Figs. 1 and 2͒ are 7% and 8%, i.e., the bulk modulus error has been reduced at the expense of the binding energy error. Figure 1 shows how the universal pseudopotential clarifies the systematics of the binding energies. For fixed z, the energy decreases with decreasing r s , and, for a given r s , the energy increases with decreasing z. Figure 3 shows that, for a given z, the pressure derivative BЈ of the bulk modulus increases slowly with r s and that, for each r s , BЈ increases with z. Finally, the /B ratios from the universal local pseudopotential EC͑U͒ are always around 0.5 ͑Fig. 4͒. We have calculated the Voigt shear modulus by the method of Ref. 51 . As a check on this method, we have reproduced the EC͑I͒ values of obtained from the phonon frequencies of Ref. 4 .
Cubic crystals have three independent elastic constants 52 C 11 , C 12 , and C 44 , or equivalently Bϭ(C 11 ϩ2C 12 )/3, CЈ ϭ(C 11 ϪC 12 )/2, and ϭ(2CЈϩ3C 44 )/5. CЈ and C 44 measure rigidity against tetragonal and angle-bending distortions of the unit cube, respectively. While B and are essentially the same for the nearly-close-packed structures, 4,13 CЈ can vary strongly between fcc and bcc structures. Our previous work 4 with the individual pseudopotential EC͑I͒ found CЈ Ͻ0 for all the real simple metals with zу2 in the bcc structure, indicating a phonon soft-mode instability 4, 5 for this structure.
In Fig. 5 we present the interstitial electron number, as predicted by the individual pseudopotential EC͑I͒, our former universal pseudopotential, 3 and our present universal pseudopotential EC͑U͒. For zϭ1 and 2 ͑but not 3 and 4͒, the former and present universal results are very similar.
Universality makes very simple predictions for the structures of solid alloys. For example, consider a binary alloy of metals A and B, with concentrations c and (1Ϫc), valences z A and z B , and density parameters r s A and r s B . The alloy valence is just
The alloy density parameter r s AB is best found by minimizing the energy of the alloy, for example within the virtual-crystal approximation. 2, 53 While an accurate determination of r s AB is needed to find the heat of formation, the simple Vegard rule 
͑10͒
can suffice for the prediction of alloy crystal structure.
To describe the stable structures of virtual crystals, the EC͑U͒ parameters (R,␣) were found in a regular mesh (r s ,z). These pseudopotential parameters are available as a supplementary table. 54 The phase diagram in the (r s ,z) plane, for zero pressure, is shown in Fig. 8 . There is a complicated pattern with the three compact structures interweaved, but z is clearly the dominant factor determining the lattice. An example of alloy phase transitions is provided by Li 1Ϫc Mg c , with c varying from 0 to 1. The path for this transition can be seen in Fig. 8 , and the structural energy differences are shown in Fig. 9 . This alloy starts as bcc (c ϭ0, Li͒, and goes through several intermediate phases, arriving at hcp (cϭ1, Mg͒. Equation ͑11͒ matches the Lindhard function through order x 2 for small x, and through order x Ϫ2 at large x. It matches the value ͑but not the infinite slope͒ of F(x) at xϭ1. Under this replacement, the phase transitions described in the preceding paragraph all disappear. As argued in Ref. 58 , the Hume-Rothery rules arise from the rapid variation of the Lindhard F(x) around xϭ1. This Fourier-space argument can be complemented by one in real space. 15, 16 According to the Hume-Rothery size rule, 2,56 substitutional alloys A c B 1Ϫc tend to form only when (z
r s B . Otherwise, they tend to phase separate. The element with the larger r s and thus the smaller surface energy is expected to segregate to the surface. Figure 10 is the same as Fig. 8 but for a compressed volume ratio V/V 0 ϭ0.6. The most striking effect of pressure is the stabilization of the bcc structure for zр2. The observed phase diagrams of the elements are summarized in Ref. 59 . It would make a long story to discuss all the elements under pressure at zero temperature, so we focus on a few for which the local pseudopotential approximation is most appropriate: Na transforms to bcc under slight compression, and remains in that phase to V/V 0 ϭ0.6 or less. Mg remains hcp to V/V 0 ϭ0.6, then transforms to bcc. Al remains fcc to V/V 0 ϭ0.6 or less. Pb transforms to hcp under slight compression, and remains in that phase to V/V 0 ϭ0.6 or less. For these four elements, Fig. 10 is correct. We find the Mg hcp→bcc transition at V/V 0 ϭ0.4Ϫ0.5; the phonon soft mode of bcc Mg disappears for V/V 0 р0.87 4 .
IV. CONCLUSIONS AND FUTURE DIRECTIONS
The simplest realistic model for the simple metals is the stabilized jellium model with effective valence z*ϭ1, which has the single input parameter r s and correctly predicts surface properties and bulk moduli. The appropriate second level of theory is the universal local pseudopotential model we have presented here, which has two inputs r s and z, and correctly predicts additional properties including bulk binding energies, pressure derivatives of bulk moduli, shear moduli, and equilibrium crystal structures within secondorder perturbation theory.
Our universal local pseudopotential depends upon two parameters ͑other than z͒ which must be fixed by two realistic conditions. However, we have found that rather different two-parameter pseudopotentials ͑evanescent core and HeineAbarenkov͒ yield essentially the same results when fitted to the same set of conditions. We still prefer the evanescent core form, which is smoother in real space than the HeineAbarenkov form, and for which sums over reciprocal-lattice vectors converge faster; converged structural energy differences are found here by summing up to Gϭ8k F , where k F ϭ(9/4) 1/3 /r s is the Fermi wave vector. The simplicity of our approach makes it well suited for the study of liquid metals, 4,60,61 expanded metals, 5, 62 and solid or liquid alloys. For the solids at zero or high pressure, we have mapped the equilibrium crystal structures in the r s Ϫz plane. These predictions are rather realistic, except for the alkaline earths ͑Ca, Sr, Ba͒ which have strongly nonlocal pseudopotentials.
Our pseudopotentials are constructed within and for a calculation of the energy to second order in perturbation theory. For use in nonperturbative calculations, the parameters should be reoptimized. 4 This reoptimization represents a possible direction for future work, as it would allow us to expand Figs. 8 and 10 to include the diamond structure, an open crystal structure for which the pseudopotential is in no sense a weak perturbation. The simple sp-bonded elements include not only metals, but also semiconductors like Si which ''prefer'' the diamond structure. To find the r s which characterizes zϭ4 silicon, it is only necessary to perform an all-electron or nonlocal pseudopotential calculation for this element in a hypothetical fcc structure, as in Ref. 63 (r s ϭ1.8 bohr).
Finally, our work raises fundamental questions we can only partly answer: ͑1͒ Why must the form of a realistic pseudopotential depend upon at least two parameters other than the valence z? Chemical experience answers that a pseudopotential must minimally reproduce z plus the ionization energy I and the electron affinity A of the free atom ͓or equivalently the electronegativity (IϩA)/2 and chemical hardness IϪA]. ͑2͒ Why are I and A determined largely by r s and z? Our previous work 19 on size effects in metal clusters provides an answer, if we regard an atom as a small cluster containing z valence electrons. ͑3͒ Given that the bulk modulus B is determined by z and r s , why is it so largely independent of z for zу1? While some trends in the simple metals can be explained 64 by the structure of pseudopotential perturbation theory, this trend seems to arise from the internal structure of the atom. 
